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G
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its Langlands dual group , e.g . Gli - Glen , SLY -7£!y

In
- Mae (b) moduli of G- Higgs bundles on C
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"
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completely integrable Hamiltonian system , gen . fibers#Abelian varieties( compact ti)



- Upmc G) moduli of flat G-wuuectious on C

- Mbr ( G) Eigg Mae (G) two complex structures in natural

hyperkiibler structure on ( Maid G) , I ,Tik , WI Iws , wk)
solution space to

→ thoughtfulG)Hitchin self- dueling equations
Th*peIrs_of wiguuuetty- jortiggs bundle
1
, SYZ (Showings - Yan -Zaslow) for Monch & Manco)

for G - Sten

Mor ( G) Mgr ( Gl) (Hansel -Thaddeus 2002)
HH Ih GL

for general G

Af= Agh (bonagi - Panter 2012)
such that generic fibers special Lagrangian ton

'

4 Topological minor symmetry for Mind G) & Marco)
( Hansel -Thaddeus 2002)



Hodge numbers of Mbm ( Sten) - Hodge numbers of Mbk (Pkn)
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etipoecsln) re - H- Mae ( pun)

proved by ( Griicheuig , Wyss , Ziegler 2020A) using p-adic integration

( - 11 - 2020b) ⇒ Ngo's cohourological

Fundamental Lemma
3
, Homological minor symmetry
( Kapustin -Witten 2006) A -model of Monet) E B- model of Marco)

LS : Fuk (Marlo) .ws/EDba.u(MbnCG7 , T)
(Douagi - Pointer 2012) Ssc : pbaulmb.IQ/--~DbaulMboeCG4 )

" classical limit " of S , generically Fourier - Mukai transform
more generally ( KW 2006 ) ⇒ ④AA - branes on mail.lt/HOBBBbrauesouMHitlGY

e. g . hol
. fagraugian on ← hypesholoiuosphic

(Updf G) ,we -wytiwk) vector bundle



CEC

(KW 2012) ⇒ µ EX:( G) E X* + ( Gt) Elrrepcbt)
Nn P D boon ( Mb .ec Gl) Hecke transformation afc

" t ' Hooft operator "

Wm E Dbau (Mp.ec Gl )) " Wilson operator
"

I ↳ Fox fm (E) laundry no
where ¥ , #) → Mac 1-C universal G - Higgsbundle
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so Ten o S
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§ 2
. Bialynicki -Binda derourpocitiou for M
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§ 2.1 BB decomposition for semiprojective variety--- --

- X (smooth) , complex semiprojective ⇐ IT : - E
'

C' X s
.

t
.

- linear

e. g . Cotangent bundles , Higgs moduli - XT is projective

Nakajima quiver varieties - lim X - X exists A ×EX
X to

note we expect GAGA for X smooth semiprojective

Definition ne XT wat : -- { tell him >+ =L }
IP#MI

Aza " stable manifold
"

wi : - qxexth.us?a--Gdo#seow-
-

" unstable manifold
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Thy ( BB 1973) WEEI TIX

semi -projective ⇒ X = II Wat BB - partition
2 EXIT
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E : = II WI ( projective)GI of X
LEXI

(Thin ENX )
Reward when (X , w) woe

. symplectic
Ftw = X w homogeneity 1 ⇒ Wat & E are

Lagrangian
Definition a , Wat very stable ⇐ WE n E -

- {a}

Theorem ( HH 2021 ) Wat is very stable ⇐ Wat = WIT in X
--

- -

Definition partner ou X
'T
a Ep ⇐ BEWat⇐ aewj

Observation very stable ⇐ maximal air partial order



§2ogitiggsbundles
- C complex smooth projective curve g 71 ; G

= Gln

- Higgs bundle : (Ect ) E mak n vector bundle EE Ho (G- EndE K)
- M : = MD.ecGlu) moduli space of semistable reach n

"

Higgs field
"

degree. d Higgs bundles
- ITEM CE , E) ↳ (E , 7¥)
-
h : M → it : = Hock) x . . . x Ho ( K

" )
⇐Eth def ( x - Io)

Hitchin map : proper T
- equivariant ⇒ M semiprojective

+ completely integrable Hamiltonian system
e-g . fibers Lagrangian ti

'

(a) = Tac (Ca) for generic a c- it
ti

'

lo ) e
"

nilpotent cone " hi
'

lo) nd -- C



Lagrangian ( Lauman 1987 )
define E -- CE , E) Eiht very stable ⇐ wet very stable ⇐

WE n E -- wet ah
"

lol = { E} ⇐ Wet = Wet
when E - O N -- {Ep) ) CM moduli space of stable bundles

Lagrangian t C Lagrangian ⇒ these Kist very stable E. o)
(Lauman 4987)
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, Min . . , Mm ,
line bundles on C & bi : Mi-i →Mik ⇒ bi E H' (Mil

,Mik)
let Gi - div ( bi) effective divisor for i70

let Mo - O ( do) , fix d : = ( do
, Qi . . , dm )

Eg : ' Ir !)
-

Eg : Moto Mi -10 . . .

⑦ Mm
,
→ (Mo⑦Mito . . .⑦ Mn -i) K



assume it is stable

Theoum(HH# Eos is very stable⇐ die . . - tow
,
is reduced

i. e . zeroes of bi are

single and distinct

Pef software by Hecke transformation

deff ⇐ it) EM ,
CEC

,
k -- O , - n - in- I Vc EcdimV-ks.t.IE#)cEkW:=EclVC=HthfundauuutalHecfond of ⇐E) at V O→ E'→ E→ W → o

ni (E' ,¥)
. Ite' TE IE
•

O→ Elk → EK → woxQK.TO

proof by induction on 18 , -1 . . - tout

SIE f , -1 . . . +of , I - O ⇒ Of . . -- oh , -0 i - e . bi has no zero
i.e .

=L

if 8.⇒ ⇒ Eo canonical uniforming Higgs bundle

wot : - WE
,

in Hitchin section
. -

of h ⇒ very stable



Steph can reach any Eg with repeated fundamental Hecke

transforms from Eo

- when 0
, t . . . ton

- a seduced Fleche transformation preserves closedness
- when oft . . . tony non- reduced we can produce Hecke awe in

wine . Ahaha

§ 3 Minor of type ( h . - ID flows
- -
- -

observation : labelling of Eo d- ( Oo , di , . .
.

, on . .) divisors on C
mu

effective
⇐ µ :C → Pt dominant weights of Glen t finite support

M = ( Mc , i . . . ,Mcg ) E (Ptb)
&

C
, i . . . , g. C-

C distinct

Em : -- EE

Em is very stable ⇒ im Cee) cptmin minuscule
minimal w.at . partial
order IU , IMz
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CEC

(KW 612) ⇒ µ EX:( G) E X* + ( Gt) Elrrepcbt)
. .

Cfujecturett) when sinful cptnin

SC Owi ) -- EQ era.CL#ci:-- Am
when ¥ ,E) → Mx C
universal Higgs bundle

Thm(HH# - true on generic fiber ti
'

Ca)
- Nµ is bypnholocuaphic
- hat (Owut) is att- equivariant vector bundle out

" equivariant multiplicity
"

Xp ( ti*Huh) o) - XI ( Ante
.
)

Remade this last property in a consequence of a symmetry
of LKW 2006)
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(Kw 2006) ⇒ µ EX:( G) E X* + ( Gt) Elrrepcbt)
Nn f D ban ( Mb .ec Gl) Hecke transformation afc

" t ' Hooft operator "

Wm E Dbau (Mae ( Gl )) " Wilson operator
"

I ↳ Fox fm ( E) laundry xc
where (E , #) → Mac tC-Higgs bundle

the
"

s . sen . 5
'

-
- Wu ¥DtmGD

apply this to 0µg and
'

restrict to Hitchin section

s.senosyouolfw.es . sent Owe.tl/we.ho*lNnl0we.H



thus he* ( Kulow.tl ) - halwa. .

Gfujectme for any ME * (G) we expect

- xitlho . Henlow:D
. ) - xanthate:# Ipa. (GRI)

Geometric Satakex E X :'( b)

§, = MICH- Xp ( seacoast ) le
Lustig's t

-

analogue of
weight multiplicity

-

a Kathdau -Susttig polynomial
Moodle) x c

where (E , #) → Mac tC universal G - Higgsbundle
then

s . zero S
"

- Wm

we will apply this to
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